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. - - [6] $n$
.
A.([6]) $X$ . $X$ $0$ $x\iota,x_{2},$ $\cdots,x_{n}$ ,
$\Vert\sum_{j=1}^{n}x_{J}\Vert+(n-\Vert\sum_{j=1}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)\min_{\iota\leq j\leq n}\Vert x_{j}\Vert$
$\leq\sum_{j=1}^{n}\Vert x_{j}\Vert$
$\leq\Vert\sum_{j=1}^{n}x_{j}\Vert+(n-\Vert\sum_{j=1}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)_{1}\max_{\leq j\leq n}\Vert x_{j}\Vert$ .
$n=2$
B. $X$ . $\Vert x\Vert\geq\Vert y\Vert$ $X$ $0$ $x,y$ ,
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$\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\Vert y\Vert$
$\leq\Vert x\Vert+\Vert y\Vert$ (1)
$\leq\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\Vert x\Vert$ . (2)
$B$ (1), (2) Hudzik-Landes [5] Maligranda[7]
. , [3, 13] , Dunkl-Williams
.
- - - [11] A .
1. ([11]) $X$ . $n\geq 2$ . $\Vert x\iota\Vert\geq\Vert x_{2}\Vert\geq\cdots\geq\Vert x_{n}\Vert>0$
$X$ $x_{1},$ $\cdots,$ $x_{n}$ ,
$\Vert\sum_{j=1}^{n}x_{j}\Vert+\sum_{k=2}^{n}(k-\Vert\sum_{j=1}^{k}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)(\Vert x_{k}\Vert-\Vert x_{k+1}\Vert)$
$\leq\sum_{j=1}^{n}\Vert x_{j}\Vert$ (3)
$\leq\Vert\sum_{j=1}^{n}x_{j}\Vert-\sum_{k=2}^{n}(k-\Vert\sum_{j=n-(k-J)}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)(\Vert x_{n-k}\Vert-\Vert x_{n-(k-1)}\Vert)$ , (4)
, $x_{0}=x_{n+1}=0$ .
$n=2$ , 1 A( B) . simple proof
. , la .
la. ([11]) $X$ . $n\geq 2$ . $\Vert x_{1}\Vert>\Vert x_{2}\Vert>\cdots>\Vert x_{n}\Vert>0$
$X$ $x_{1},$ $\cdots,$ $x_{n}$ , (3) (4) .
la , 1 . , sharp
triangle inequality . la (3) (4)
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la ( ) . (3) . $n=2$ $B$
. $n\geq 3$ . $n-1$ , (3) . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
$\Vert x_{1}\Vert>\Vert x_{2}\Vert>\cdots>\Vert x_{r\iota}\Vert>0$ .
$u_{j}=( \Vert x_{j}\Vert-\Vert x_{n}\Vert)\frac{x_{j}}{\Vert x_{j}\Vert}$
.
$\sum_{j=1}^{n}x_{j}=\Vert x_{n}\Vert\sum_{j=1}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}+\sum_{j=1}^{n-1}u_{j}$ (5)
$\Vert u_{1}\Vert>\Vert u_{2}\Vert>\cdots>\Vert u_{n-1}\Vert>0$ . ,
$\Vert\sum_{j=1}^{n-1}u_{j}\Vert\leq\sum_{j=1}^{n-1}\Vert u_{j}\Vert-\sum_{k=2}^{n-1}(k-\Vert\sum_{j=1}^{k}\frac{u_{j}}{\Vert u_{j}\Vert}\Vert)(\Vert u_{k}\Vert-\Vert u_{k+1}\Vert)$ (6)
, $u_{n}=0$ . (5) $,(6)$ , \’ill $]$
$\Vert\sum_{j=1}^{n}x_{j}\Vert\leq\Vert x_{n}||\Vert\sum_{j=1}^{n}\frac{x_{j}}{||x_{j}\Vert}\Vert+\Vert\sum_{j=1}^{n-J}u_{j}\Vert$
$= \sum_{j=1}^{n}\Vert x_{j}\Vert-\sum_{k=2}^{n}(k-\Vert\sum_{j=1}^{k}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)(\Vert x_{k}\Vert-\Vert x_{k+1}\Vert)$
. (3) . (4)
.
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1 ( ) . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $\Vert x_{1}\Vert\geq\cdots\geq\Vert x_{n}\Vert$ $X$ .
$m$ ,
$x_{k,m}=(1- \frac{k}{m})x_{k}$ , $k=1,2,$ $\cdots,$ $n$
. $\Vert x_{1,m}\Vert>\Vert x_{2,m}\Vert>\cdots>\Vert x_{n,m}\Vert>0$ . la $x_{1,m},$ $\cdots$ , $x_{n,m}$
, $marrow+\infty$ , 1 .
3 Sharp triangle inequality
, sharp triangle inequality
. $[$6, 8$]$ ,
.
C. ([8]) $X$ . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $0$ $X$ .
$\Vert\sum_{j=1}^{n}x_{j}\Vert=\sum_{j=1}^{n}\Vert x_{j}\Vert$
, $j$ $\alpha_{j}>0$ , $x_{j}=\alpha_{j}x_{1}$ .
D. ([6]) $X$ . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $0$ $X$ .
$f_{\overline{L}},$ $\Vert x_{j_{0}}\Vert=\min\{\Vert x_{j}\Vert:1\leq j\leq n\},$ $\Vert x_{j_{1}}|=\max\{\Vert x_{j}\Vert:1\leq j\leq n\},$ $J_{0}=\{j:|x_{j}\Vert=$
$\Vert Xj_{0}\Vert,$ $1\leq i\leq n\}$ .
$\Vert\sum_{j=1}^{n}x_{j}\Vert+(n-\Vert\sum_{j=1}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)\min_{1\leq j\leq n}\Vert x_{j}\Vert=\sum_{j=1}^{n}\Vert x_{j}\Vert$
, $(a),$ $(b)$ $\iota$- $\grave$ :
$(a)$ $\Vert x_{1}\Vert=\Vert x_{2}\Vert=\cdots=\Vert x_{n}\Vert$ ,
$(b)$ $\frac{xj}{||xj||}=\hat{||x_{j_{1}}||}x_{j}(\forall j\in J_{0}^{c})$ , $\sum_{j=1}^{n}\frac{x_{j}}{||x_{j}||}=\Vert\sum_{j=1}^{n}\frac{x_{j}}{||x_{j}||}\Vert_{||x_{j_{1}}|}^{x_{j}}\neg$ .
E. ([6]) $X$ . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $0$ $X$
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. $\Vert Xj_{0}\Vert=\min\{\Vert_{Xj}\Vert : 1 \leq i\leq n\},$ $\Vert x_{j_{1}}\Vert=\max\{\Vert_{Xj}\Vert : 1 \leq i\leq n\}$ .
, $J_{1}=\{j:\Vert Xj\Vert=\Vert Xj_{1}\Vert, 1\leq i\leq n\}$ .
$\sum_{j=1}^{n}\Vert x_{j}\Vert=\Vert\sum_{j=1}^{n}x_{j}\Vert+(n-\Vert\sum_{j=1}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)1^{\max_{\leq j\leq n}\Vert x_{j}\Vert}$ (7)
, $(a),$ $(b)$ .
$(a)$ $\Vert x_{1}\Vert=\Vert x_{2}\Vert=\cdots=\Vert x_{n}\Vert$ ,
$(b)$ $\ovalbox{\tt\small REJECT}_{x_{j}}^{x}=\ovalbox{\tt\small REJECT}_{x_{j_{0}}}^{x_{j}}(\forall j\in J_{1}^{c})$ , $\sum_{j=1}^{n}x_{j}=\Vert\sum_{j\ulcorner x_{j_{0}}}^{n}=1^{X_{j}\Vert_{1}^{x_{j}}b}$.
la .
$n=2$ ,
2. $X$ . $x,$ $y$ $\Vert x\Vert>\Vert y\Vert$ $0$ $X$
. ,
$\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert?i\Vert}+\frac{/\uparrow}{\Vert y\Vert}\Vert)\Vert y\Vert=\Vert x\Vert+\Vert y\Vert$ (8)
, $0<\alpha<1$ $y=\pm\alpha x$ $\alpha$ .
$n=3$ ,
3. $X$ . $x,$ $y,$ $z$ $\Vert x\Vert>\Vert y\Vert>\Vert z\Vert$ $0$ $X$
. ,
$\Vert x+y+z\Vert+(3-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}+\frac{z}{\Vert z\Vert}\Vert)\Vert z\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)(\Vert y\Vert-\Vert z\Vert)$ (9)
$=\Vert x\Vert+\Vert y\Vert+\Vert z\Vert$
, $0<\beta<\alpha<1$ $\alpha,$ $\beta$ ,
:
$(a)$ $y=\alpha x,$ $z=\pm\beta x$ ,
$(b)$ $y=-\alpha x,$ $z=\beta x$ .
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$n$ . $m$ $I_{m}=\{1,2, \cdots, m\}$ . $\alpha=$
$(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})\in \mathbb{R}^{n}$ $1\leq m\leq n$ ,
$I_{m}^{+}(\alpha)=\{k\in I_{m}:\alpha_{k}>0\}$
$I_{\overline{m}}(\alpha)=\{k\in I_{mk}:\alpha<0\}$
. $A$ $|A|$ . ,
4. $X$ . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $\Vert x_{1}\Vert>\Vert x_{2}\Vert>\cdots>\Vert x_{n}\Vert$
$0$ . ,
$\Vert\sum_{j=1}^{n}x_{j}\Vert+\sum_{k=2}^{n}(k-\Vert\sum_{j=1}^{k}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)(\Vert x_{k}\Vert-\Vert x_{k+1}\Vert)=\sum_{j=1}^{n}\Vert x_{j}\Vert$ (10)
, $\alpha=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})\in \mathbb{R}^{n}$ , :
$(a)$ $1=\alpha_{1}>|\alpha_{2}|>|\alpha_{3}|>\cdots>|\alpha_{n}|$ ,
$(b)$ $x_{m}=\alpha_{m}x_{1}$ $(1 \leq m\leq n)$ ,
(c) $|I_{m}^{+}(\alpha)|\geq|I_{\overline{m}}(\alpha)|$ $(1 \leq m\leq n)$ .
, la (2) . $\alpha=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})\in \mathbb{R}^{n}$ , $2\leq m\leq n-1$
$m$ $J_{m}=\{n-(m-1), \cdots, n-1, n\},$ $J_{m}^{+}(\alpha)=\{j\in J_{m}:\alpha_{j}>0\},$ $J_{\overline{m}}(\alpha)=$
$\{j\in J_{m}:\alpha_{j}<0\}$ .
5. $X$ . $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ $\Vert x_{1}\Vert>\Vert x_{2}\Vert>\cdots>\Vert x_{n}\Vert$
$0$ . ,
$\sum_{j=1}^{n}\Vert x_{j}\Vert=\Vert\sum_{j=1}^{n}x_{j}\Vert-\sum_{k=2}^{n}(k-\Vert\sum_{j=n-(k-1)}^{n}\frac{x_{j}}{\Vert x_{j}\Vert}\Vert)(\Vert x_{n-k}\Vert-\Vert x_{n-(k-1)}\Vert)$ (11)
, $\alpha=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{7l})\cdot\in \mathbb{R}^{n}$ , :
$(a)$ $|\alpha_{1}|>|\alpha_{2}|>\cdots>|\alpha_{n-1}|>\alpha_{n}=1$ ,
$(b)$ $x_{m}=\alpha_{m}x_{n}$ $(1 \leq m\leq n)$ ,
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$(c)$ $|J_{m}^{+}(\alpha)|\geq|J_{\overline{m}}(\alpha)|$ $(2\leq m\leq n-1)$ ,
$(d)$ $\sum_{j=1}^{n}\alpha_{j}\geq 0$ .
4
, $\Vert x_{1}\Vert>\Vert x_{2}\Vert>\cdots>\Vert x_{n}\Vert$
, , . $n=3$ ,
6. $X$ . $x,$ $y,$ $z$ $0$ . (i). $\Vert x\Vert=$
$\Vert y\Vert=\Vert z\Vert$
$\Vert x+y+z\Vert+(3-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}+\frac{z}{\Vert z\Vert}\Vert)\Vert z\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)(\Vert y\Vert-\Vert z\Vert)$
$=\Vert x\Vert+\Vert y\Vert+\Vert z\Vert$ (12)
.
(ii). $\Vert x\Vert>\Vert y\Vert=\Vert z\Vert$ (12) $\alpha\in \mathbb{R}$ , $\alpha\geq$
$- \frac{||y||}{||x||},$ $y+z=\alpha x$ .
(iii). $\Vert x\Vert=\Vert y\Vert>\Vert z\Vert$ , (12) $\alpha\in \mathbb{R}$
, $\alpha\geq-\frac{||}{||}x\perp z||’ x+y=\alpha z$ .
. $\Vert x_{1}\Vert>\Vert x_{2}\Vert>.$ . . $>\Vert x_{n}\Vert$ 1
?
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